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The Ballot Problem

@ Consider an election with two candidates A and B.

@ Suppose that a votes have been cast for A and b votes have been cast for b
where a > b.

@ After the votes have been cast, they are counted in a uniformly random order.
@ Since a > b, after all the votes are counted, A emerges as the winner.
@ What is the probability that A leads B throughout the count?
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The Ballot Problem

@ For 0 <j < a+b, let S; denote the lead of A after / votes have been counted.
@ Hence, So =0and S, =a—b.
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The Ballot Problem

@ For 0 <j < a+b, let S; denote the lead of A after / votes have been counted.
@ Hence, So =0and S, =a—b.

@ Since the votes are counted in a uniformly random order, the sequence
S0, 51, .., 5.4 is a uniformly random path from 0 to a — b.
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The Ballot Problem

For 0 < i< a+b, let S; denote the lead of A after j votes have been counted.

Hence, So =0 and S, =a— b.

Since the votes are counted in a uniformly random order, the sequence
S0, 51, .., 5.4 is a uniformly random path from 0 to a — b.

Therefore,

Nzéfb(ov a— b)

P[A leads thl’OUghOUt] = m
a+b ) -
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The Ballot Problem

For 0 < i< a+ b, let S; denote the lead of A after i/ votes have been counted.

@ Hence, So =0and S, =a—b.
@ Since the votes are counted in a uniformly random order, the sequence
S0, 51, .., 5.4 is a uniformly random path from 0 to a — b.
@ Therefore,
#0
P[A leads throughout] = mzb;.
L we heve o
@ So, it only remains to compute N;ib(O — b). ,*,ucmvdl? ‘F"
Hav's
\r\ (0‘1}3) - (r\v‘:’b-d)
2
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The Ballot Problem

We need to compute fob(o, a—b).

N7P

a+b(075\_/\b) = fobq(l» a—b)
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The Ballot Problem

We need to compute fob(o, a—b).

(0,a—b) = N7, (1,a—b)
= a+b71(17 a— b) - N2+b71(1a a— b)

#0
Na+b
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The Ballot Problem

We need to compute fob(o, a—b).

N7, (0,a—b) = N7 _1(1,a— b)

a+b

= a+b71(17 a— b) -

N2+b71(1, a— b)

= Nayp-1(1,a—b) — Nayp_1(—1,a - b)
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The Ballot Problem

We need to compute fob(o, a—b).

Nzéfb(ov a— b) = Nzé-fb—l(lv a— b)
= Nayp-1(1,2 = b) = N, ,_1(1,2— b)
= N,ip-1(l,a—b) — Noyp_1(—1,a— b)
a+b-1 a+b-1
(50
- z%z - Nayp(0,2 — b).
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The Ballot Problem

We need to compute fob(o, a—b).

fob(O, a—b)= fobq(l» a—b)

= Nayp-1(l,a—b) = N9, 1(1,a— b)

= Nayp-1(1,a = b) = Nayp-1(—1,a — b)

_(at+tb-1 B at+b-—1

N a—1 a

a—b
- m . Na+b(07 a— b)
Hence,
IP[A leads throughout] = a—hb

ughout] = ST b
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The Ballot Problem

@ One way to reinterpret the conclusion of the Ballot problem is that for any
a> b >0 and for a simple symmetric random walk starting from Sy = 0,

a—b>b

a+b’

P[S;>0 Vi=1,...,a+b—1|Ssp=a—b]=

Q[S“?O, "'7Sﬁ‘\'$"\?b1 SO\‘\'D_— ar—b‘]

~ 0%b 5,7 &b
o+ b
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The Ballot Problem

@ One way to reinterpret the conclusion of the Ballot problem is that for any
a> b >0 and for a simple symmetric random walk starting from Sy = 0,

a—b>b

a+b’

P[S;>0 Vi=1,...,a+b—1|Ssp=a—b]=

@ Rewritten in more convenient notation, for any integers k,n > 0,

k

P[Si > 0,0, Syt > 0,5, =K = - P[S, = K] (%)

@ On the homework, you will explore variants of this.
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Path counting and applications

So far, we used path counting to answer the following questions:

@ What is the distribution of the first time that a symmetric simple random
walk returns to its starting point?

@ What is the probability that in a uniformly random counting of the votes, the
candidate with more votes stays ahead throughout?
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Path counting and applications

So far, we used path counting to answer the following questions:

@ What is the distribution of the first time that a symmetric simple random
walk returns to its starting point?

@ What is the probability that in a uniformly random counting of the votes, the
candidate with more votes stays ahead throughout?

Today we will study the following questions:

@ What is the distribution of the first time that a symmetric simple random

walk hits 1?7 Za = %rs\, Aot 4o hie 4L
Q(t\cm):ﬂ \fm\{l(z,)
\’Efft]: o p‘(ob(?—lf(‘)
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Path counting and applications

So far, we used path counting to answer the following questions:

@ What is the distribution of the first time that a symmetric simple random
walk returns to its starting point?

@ What is the probability that in a uniformly random counting of the votes, the
candidate with more votes stays ahead throughout?

Today we will study the following questions:

@ What is the distribution of the first time that a symmetric simple random
walk hits 17

o If the random walk is run for 2n steps, what is the distribution of the /ast
time that the random walk visits its starting point?
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Path counting and applications

So far, we used path counting to answer the following questions:

@ What is the distribution of the first time that a symmetric simple random
walk returns to its starting point?

@ What is the probability that in a uniformly random counting of the votes, the
candidate with more votes stays ahead throughout?

Today we will study the following questions:

@ What is the distribution of the first time that a symmetric simple random
walk hits 17

o If the random walk is run for 2n steps, what is the distribution of the /ast
time that the random walk visits its starting point?

@ What is the distribution of the fraction of the time that the random walk is
positive?...

@ and more!
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Hitting time

Let (Sp)n>0 be a simple, symmetric random walk starting from 0. For b > 0, let
Tp =inf{n>1:5, = b}.
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Hitting time

Let (Sp)n>0 be a simple, symmetric random walk starting from 0. For b > 0, let
Tp =inf{n>1:5, = b}.

@ We already saw that P[7, < o0] = 1 and E[rp] = o0.

o What is the pmf of 7,7
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Hitting time

Let (Sp)n>0 be a simple, symmetric random walk starting from 0. For b > 0, let
o =inf{n>1:5, = b}.

@ We already saw that P[7, < o0] = 1 and E[rp] = o0.

o What is the pmf of 7,7

o We will make use of the trick of looking at the time reversal of the walk.
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Hitting time

Let (Sp)n>0 be a simple, symmetric random walk starting from 0. For b > 0, let
Tp =inf{n>1:5, = b}.
@ We already saw that P[7, < o0] = 1 and E[rp] = o0.
o What is the pmf of 7,7
o We will make use of the trick of looking at the time reversal of the walk.
@ Recall that §; = Z{:Zl X; where Xq, X5,... are i.i.d. Rademacher random

variables. 3 -0 eoch X; 18 @
S(: = X coen ‘?‘\:rl

S I

-4 wf Y

(%, o n) o~ ( Xmy -0 X0
3,= X &~ X = Sm - Sm-1
Sy = XXy~ Xm + Xt = Sp- S
S ry e -
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Hitting time

Let (Sp)n>0 be a simple, symmetric random walk starting from 0. For b > 0, let
o =inf{n>1:5, = b}.

@ We already saw that P[7, < o0] = 1 and E[rp] = o0.

o What is the pmf of 7,7

o We will make use of the trick of looking at the time reversal of the walk.

@ Recall that §; = EJ,:1XJ where X1, Xa, ... are i.i.d. Rademacher random
variables.

@ Since (Xi,...,Xy) has the same distribution as (X,, ..., Xi), it follows that
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Hitting time

Let (Sp)n>0 be a simple, symmetric random walk starting from 0. For b > 0, let
o =inf{n>1:5, = b}.

@ We already saw that P[7, < o0] = 1 and E[rp] = o0.

o What is the pmf of 7,7

o We will make use of the trick of looking at the time reversal of the walk.

@ Recall that §; = EJ,:1XJ where X1, Xa, ... are i.i.d. Rademacher random
variables.

@ Since (Xi,...,Xy) has the same distribution as (X,, ..., Xi), it follows that

SjNXn+Xn—1+"'+Xn—j
~ Sn _Sn—j7
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Hitting time

Let (Sp)n>0 be a simple, symmetric random walk starting from 0. For b > 0, let
o =inf{n>1:5, = b}.

We already saw that P[7, < oo] =1 and E[7] = 0.

What is the pmf of 73,7

We will make use of the trick of looking at the time reversal of the walk.

Recall that §; = Z{:Zl X; where Xq, X5,... are i.i.d. Rademacher random
variables.

@ Since (Xi,...,Xy) has the same distribution as (X,, ..., Xi), it follows that

SjNXn+Xn—1+"'+Xn—j
~ Sn _Sn—j7

so that
(517 527 R Sn) ~ (Sn - 5n—17 Sn - Sn—2a R Sn)

SIS 27 o



|
Hitting time

o We want to compute P[7, = k].
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Hitting time
Recall +hat

So'—o

Lw? O
o We want to compute P[7, = k].

@ We have

]P’[Tb:k]:P[Sl < b,...,Sk,]_ < b,Sk:b]
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Hitting time

o We want to compute P[7, = k].

@ We have

]P’[Tb:k]:P[Sl < b,...,Sk,]_ < b,Sk:b]

:P[Sl < Sk,...,Sk,l < Sk,Sk = b]
wN—
SF” s, 70
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Hitting time

o We want to compute P[7, = k].

@ We have

]P)[TbZk]ZP[Sﬁ <b,...,5k71<b,5k:b]
:P[Sl <5k7-~-75k—1<5k,5k:b]
:}P’[Sk—Sk_1>0,...,5k—51>O,Sk:b]
VaYd N\N—
s

by ot
(S, . .S) (S -Sea Srle, s, Se)
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Hitting time
(51 -—-%)
o We want to compute P[r, = k]. ~ (gl‘ -Sp-t2 - -- ,Se=Sis S'F)
o We have

P[TbZk]ZP[S1 <b,....,5_1< b,Sk:b]
:P[Sl <5k7-~~75k71 <5k,5k:b]
:}P’[Sk—Sk_l >0,.c),'5k*.29_0,5k:b]
—P[5i%0,...,5 50,5 b

) L
S, = X / S-Sz Xe ball v
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Hitting time
\8 CSK = /—’]
= 2944
@ We want to compute P[1, = k]. D muge have L ske -1
@ We have giv oeps U

Plr, = k] =P[S; < b,...,Sk_1 < b,Sx = b] 2""“’(”;\)
=P[S1 < Sk, -+, Sk—1 < Sk, Sk = b]
=P[Sk —Sk-1>0,...,5— 51 >0,5 = b|
=P[S1 >0,...,5_1>0,5 = b]

b
= P[Sc=b]. b= 1

- \ B - !

\_’\’Lt\-—ﬂ”fm -

—_ - 5 | = Vo = :
[l 2 F Cen Zﬁ W (S a7 Tk
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Last return to O

@ Let (S,)n>0 be a symmetric simple random walk starting from Sp = 0.

o Let
Ton i =max{0 <i<2n:S5; =0}

denote the last time before 2n that the random walk visits 0.
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Last return to O

@ Let (S,)n>0 be a symmetric simple random walk starting from Sp = 0.
o Let
Ton i =max{0 <i<2n:S5; =0}

denote the last time before 2n that the random walk visits 0.

@ What is the distribution of 75,7
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Last return to O

@ On the homework, you will use the reflection principle to show that for any
integer n > 0,

P[S; #0,..., 50 #0| So = 0] = P[Sz = 0].
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Last return to O

@ On the homework, you will use the reflection principle to show that for any
integer n > 0,

P[S1 #0,...,5n # 0] So = 0] = P[Sz, = 0].

@ Given this, we have

P72, = 2k] = P[Sak = 0, Sok41 # 0, .., S2n # 0]
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Last return to O

@ On the homework, you will use the reflection principle to show that for any
integer n > 0,

P[S;1 #0,...,54, # 0] So = 0] = P[Sz, = 0]. (+¢)

@ Given this, we have

P[f'z,, = 2k] = P[Sgk =0,5k+1#0,...,5, # O]
= P[Sok = O]P[Sak41 # O, ..., 20 # 0 | Sox = 0]

A}

i [(3,#0 - ---Sap-2x 40 \30201

—

[4Y

Q[ Synooe ° 0l.
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Last return to O

@ On the homework, you will use the reflection principle to show that for any
integer n > 0,

P[S1 #0,...,5n # 0] So = 0] = P[Sz, = 0].

@ Given this, we have

P72, = 2k] = P[Sak = 0, Sok41 # 0, .., S2n # 0]
= P[Sok = 0|P[Sak+1 # 0, ..., 520 # 0| Sk = 0]
— P[Spx = OJP[S1 0, . ... Somok £ 0| So = 0]
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Last return to O
@ On the homework, you will use the reflection principle to show that for any
integer n > 0,

P[S; #0,..., 50 #0| So = 0] = P[Sz = 0].

@ Given this, we have
P72, = 2k] = P[Sak = 0, Sok41 # 0, .., S2n # 0]
= P[Sok = 0|P[Sak+1 # 0, ..., 520 # 0| Sk = 0]
=P[Sk = 0]P[S1 #0,...,5n—2k 0| So = 0]
= P[Sak = 0]P[Szp—2k = O].

@ Notice, in particular, that

P[#2, = 2k] = P[2, = 2n — 2K](!)
wo

SIS 27 Y]



N
Last return to O

For large k, by Stirling's formula, we have _ﬁ)_ (S'LH-\ = \]
1 - C
P[Szk = 0] ~ 5 - —_—
V mk \/——K
so that
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Last return to O

For large k, by Stirling's formula, we have

1
P[Szk - 0] ~ ﬁ,

so that

P[f2n = 2k] = P[Sak = O]P[Sz2pn—2k = 0]
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Last return to O

For large k, by Stirling's formula, we have

1
P[Szk - 0] ~ ﬁ,

so that

P[f2n = 2k] = P[Sak = O]P[Sz2pn—2k = 0]

1 1
© Vak /n(n— k)
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Last return to O

For large k, by Stirling's formula, we have

1
P[Syx = 0] ~ ——,
[ 2k ] \/?%1?
so that
P[72, = 2k] = P[Sak = O]P[Sz2n—2x = 0]
1 1
¥ ek Jaln k)
- (5)
n n
where 1
f(x)=————= 0<x<1.
my/x(1 = x)

SIS B
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Last return to O

Plot of f(X): ﬁ f0r0<X< 1.

Plot:

18} |

0.8}

06| o -
-
041

0.0 0.2 0.4 0.6 0.8

Image generated using Wolfram Alpha
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The Arcsine Law

@ For large k, n, we have

A 1 [k
P[Tzn = 2k] ~ ;f (n) .
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The Arcsine Law

o For large k, n, we have
1_/(k
P[f2, = 2k] ~ ;f () .

n

@ Therefore, for any 0 < x < 1,

Plfan < 2nx] ~ Y %f (’;)

0<k/n<x
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The Arcsine Law

o For large k, n, we have
1_/(k
P[f2, = 2k] ~ ;f () .

n

@ Therefore, for any 0 < x < 1,

1, [k
Plfan <2nx]~ Y =f ()
0<k/n<x n n

)( G (‘DI\\ X (4
wher 1S Ane VWZ N/o F(B)dt et
\aS+ X
f\'\’\ 0.\_ ‘W?egk_ 10 /s =%~arcsin\/§. °
'S in ’%“

— 2 . greern o
. o
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The Arcsine Law

Plot of g(x) = 2 - arcsin /x for 0 < x < 1.

Plot:

08
0.6}

04}

0.2 04 0.6 0.8 1.0

Image generated using Wolfram Alpha
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The Arcsine Law

avesyne

Some values of g(x) = 2 - arcsin y/x. § dvsAr( buton

x=0.1
x=0.2
x=0.3
x=0.4
x=0.5
x=0.6
x=0.7
x=0.8
x=0.9

x) =~ 0.204.
x) ~ 0.295.
x) =~ 0.369.
x) ~ 0.435.
) =0.5.

x) ~ 0.565.
x) ~ 0.631.
x) ~ 0.705.
x) ~ 0.796.

X

g(
g(
g(
g(
g(
g(
g(
g(
g(
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The Arcsine Law

Using similar arguments, one can show that,

1<i<n:S 2
IE”['{ —’—Z Si > 0} SX] — = . arcsin /.
T

and also that , 5
P [—* < X] — = . arcsin v/x,

n T
where 0 < t, < n is the first time when the random walk takes on its maximum

value. ]
4

[4

* 0 ‘.‘/
e
“\\Q\g\o T\Z"
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Some consequences of the Arcswe Law

@ In a (long) sequence of coin flips, the probability that heads leads 90% of the
time is roughly 20%.
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Some consequences of the Arcsine Law

@ In a (long) sequence of coin flips, the probability that heads leads 90% of the
time is roughly 20%.

@ (Due to S. Dunbar) In other words, there is a 20% chance that a totally
random investment fund has positive net fortune 90% of the time.
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Some consequences of the Arcsine Law

@ In a (long) sequence of coin flips, the probability that heads leads 90% of the
time is roughly 20%.

@ (Due to S. Dunbar) In other words, there is a 20% chance that a totally
random investment fund has positive net fortune 90% of the time.

o (Clauset, Kogan, Redner, 2015) In e.g. professional basketball, the
distribution of the last lead change and time of the maximum lead change
follow the arcsine law, which is what is predicted by a symmetric simple
random walk.

Pofyet” €
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Some consequences of the Arcsine Law

@ In a (long) sequence of coin flips, the probability that heads leads 90% of the
time is roughly 20%.

@ (Due to S. Dunbar) In other words, there is a 20% chance that a totally
random investment fund has positive net fortune 90% of the time.

o (Clauset, Kogan, Redner, 2015) In e.g. professional basketball, the
distribution of the last lead change and time of the maximum lead change
follow the arcsine law, which is what is predicted by a symmetric simple
random walk.

@ In particular, lead changes are most likely near the start and the end of the
game. Similarly, the time of the largest lead is most likely to be near the start
and the end of the game.
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